The motivation for this work stems from the observation that as few as two counter-cascaded systems 1 can exhibit multivaluedness from one output to the other. Our main result is a theorem that provides a necessary and sufficient condition for multivaluedness to be exhibited by three interconnected systems based on the novel notions of immanence and its opposite, transcendence, introduced here. Subsequent corollaries provide further characterization of multivaluedness under specific circumstances.
I. INTRODUCTION
The area of Network Analysis and Complex Networks has rapidly expanded into a very active field of research with ever more research producing new fundamental and theoretical results as well as discovering and reporting new applications. To give a glimpse of the vastness of (complex) network analysis, note that, structurewise, complex networks range from highly homogeneously structured networks through to amorphously unstructured and even randomly (un)structured networks. Furthermore, the mathematical descriptions of nodes in a complex network range from homogeneous (identical) in one network, to unique (different) in another. For these reasons graph-theoretical methods are indispensable for analysis and modeling of network problems.
In the literature the meaning of the term "network analysis" is rather diverse. Of particular interest to us here, is the extended definition of Zaidi [1] , namely that it encapsulates the study of theory, methods and algorithms applicable to graphbased models representing interconnected real-world systems. From this perspective, the collection of interconnected element of a finite element analysis of a distributed structure or physical field and a complex interconnection of nonlinear dynamical systems are instances of complex network analyses [2] , the former undirected and the latter directed. An excellent account of the theory and an overview of research directions can be found in [3] .
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internal/local inputs and outputs of interest when considering a single node or a subset of nodes. A better understanding of the global behavior and dynamics of a complex network usually requires a better understanding of the mechanisms of behavior at a more detailed level in the network. For this reason, oftentimes it requires one to relate two effects brought about by the very same local/global cause in order to gain deeper insight.
In this technical note we present a simple yet powerful theoretical result that gives a necessary and sufficient condition under which two different (sets of) effects v ∈ V and x ∈ X, produced by the common cause u ∈ U , are to be related by a well-defined mapping. To derive this results minimal underlying assumptions are made, followed by a simple settheoretical argument. Several consequences of this results will be addressed.
II. IMMANENCE VERSUS TRANSCENDENCE
To provide a definite and concrete context for the presentation and discussion to follow, we consider complex networks consisting of complex configurations of nonlinear systems and presuppose occurrences, in the network, of the configuration depicted in Fig. 1 . Here U , X, V and W all denote real vector spaces. The nonlinear operators M : U → W and T : U → V represent nonlinear dynamical systems, the nonlinear operator N : V → X denotes an output ancillary system determined by the actual application considered 2 and in general S ⊂ W × X is a multivalued function or relation. For the purpose of our presentation here, the system N is optional but is included due to its importance for further developments to be reported on in the future. To simplify the notation used, we will not distinguish a system from its mathematical representation and will use the same symbol for both.
If T is not immanent with respect to (M, N ), then it is called transcendent with respect to (M, N ).
For the sake of conciseness, we will sometimes use the statement "T is (M, N )-immanent" as an abbreviation of the statement "T is immanent with respect to (M, N )" and similarly for statements about transcendence. Assuming M and N generally to be many-to-one mappings, we are now in a position to state and prove the main result:
Note. Before proceeding with the proof, first observe that for each element u ∈ U , there exist elements w u := M (u) and x u := N (T (u)). Next, we associate w u and x u by writing x u = S(w u ) for every u ∈ U . This can be compactly expressed as S := N • T • M −1 . Here, S defines a relation. If for every pair of distinct elements u 1 , u 2 ∈ U we have that w u1 = w u2 implies that x u1 = x u2 , then S is well-defined.
Proof. We first prove the "only if" part. Suppose that T is immanent with respect to (M, N ). Now, if S is not well-defined, then there exist at least two distinct elements u, u ∈ U such that M (u) = M (u ) but x := N (T (u)) = N (T (u )) =: x . This contradicts the consequence of immanence, namely that N (T (u)) = x for all u ∈ M −1 (w) and consequently S is well-defined.
Conversely, to prove the "if" part, suppose T is transcendent with respect to (M, N ). Then, for some w ∈ W , there are distinct elements u, u ∈ M −1 (w) for which x := N (T (u)) = N (T (u )) =: x , implying that S is not well-defined because S(w) = x and S(w) = x and yet x = x . This concludes the converse via the contrapositive and completes the proof.
An equivalent statement of this theorem follows:
To our knowledge, this theorem identifying all those situations when the outputs x ∈ X and w ∈ W of two countercascaded subsystems with a common input u ∈ U are causally related (as well as when not), is a novel result.
Some immediate consequences of Theorem II.2 follow.
Corollary II.4. (Existence of a Model) For a given system T a system model or modeling operator S exists with respect to (M, N ) if and only if T is immanent with respect to (M, N ). 4 Here M −1 denotes the preimage of M .
If T is immanent with respect to (M, N ), then there exists a unique mapping w → S(w) which yields a faithful model of T as perceived through M and N , that is, S(w) = N • T • M −1 (w) for every w ∈ W . Even though these modeling problems are exactly solvable, in principle, it might happen that the prescribed class of models does not contain S, in which case the best that can be achieved is to choose the "best" model S opt from the class prescribed, based on some criterion.
On the other hand, if T is transcendent with respect to (M, N ) , then there exists a relation S ≡ N • T • M −1 , which cannot be described by any mapping, whatsoever, and hence no model exists. The best that can be achieved now is to find the "best" approximating mapping S opt to the relation S, based on some criterion. A little thought reveals the following to be true for configurations similar to that shown in Fig. 1 , but with additional exogenous inputs, unrelated to the input u ∈ U , entering:
Lemma II.6. (Resolution of Exogenous Inputs) Suppose along some of the paths considered to yield the operators M and T , there are additional causes entering. Then this configuration can be transformed to that in Fig. 1 by augmenting the input space U with a direct sum component for each additional exogenous input entering. After this transformation, proceed as before to define the operators M and T .
Note. Since, by assumption N does not take the input u ∈ U directly, this corollary does not apply to it.
An important insight obtained from the above theoretical development is that, for cases with the systems T and M given but with T not immanent with respect to (M, I), the only way to resolve this situation, if at all possible, is to design an appropriate output ancillary system N . If this proves to be impossible, then the above theorems imply that more design freedom is required. For example, we can allow M to be engineered or redesigned in an attempt to find a pair (M, N ) rendering T to be immanent. If still not successful, M could be fixed and T be redesigned. If not still not successful, then no choice remains other than a complete redesign.
In some applications, however, it happens that the system S is given instead, and the system T then follows as a consequence of S and the particular application's context and constraints. For such cases, it might be necessary to adapt either the context, the constraints or both simultaneously, in order to obtain a T that is immanent relative to the pair (M, N ) implied by the context and constraints.
III. CONCLUSION
We presented a theoretical result which states a necessary and sufficient condition for multivaluedness when attempting to relate two consequences (effects or outputs) resulting from a given cause in a complex configuration of systems and, more generally, in any complex network. Three subsequent corollaries provide further useful results for determining multivaluedness given such a configuration of systems.
Work is in progress to specialize these theoretical results to particular classes of complex networks as well as to develop further applications specifically for configurations of nonlinear systems. The results presented here contribute toward the arsenal of tools for studying complex networks.
